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ABSTRACT

This paper study nonlinear Fredholm integral equation of the second kind by comparing the method of
classical Adomian and modified Adomian decomposition methods with exact solution. The numerical
method considered were used to solve the nonlinear Fredholm integral equation using some numerical
examples in order to determine the efficiency of each methods when are compared with exact
solution. The results obtained shows a slight error differences which illustrated the reliability and the
performance of the methods used. The absolute error between the classical Adomian and modified
Adomian decomposition method with the exact solution was also observed with relatively
insignificant differences which shows a good agreement between the methods with the exact solution.
Key words:ClassicalAdomian Decomposition. Fredholm Integral, Modified Adomian, Integral
equation

1. INTRODUCTION

A singular integral equation in connection with the famous tautochrone problem, namely the
determination of the shape of the curve with given end point along which a particle slides under the
action of gravity in a given interval of time in 1825 by Abel. In the 1866-1927 Erik lvar Fredholm a
Swedish mathematician is best remembered for his work on integral equations, spectral theory and his
1903 paper in Actamathematica that played a major role in the establishment of operator theory. Since
then, several scientific and engineering applications continued to be described by integral equations
for instance physics, chemistry, biology, as mathematical physics, viscodynamics fluid, electrostatic,
electromagnetic scattering problems and engineering applications modelled by initial value problem
for a finite interval [a b].

An integral equation is defined as an equation in which the unknown function u(x)to be determined
appear under the integral sign. The subject of integral equations isone of the most useful
mathematical tools in both pure and applied mathematics. Ithas enormous applications in many
physical problems. Many initial and boundary value problems associated with ordinary differential
equation (ODE) and partial differential equation (PDE) can be transformed into problems of solving
some approximate integral equations Adomian (1986). Several scientific and engineering applications
are usually described by integral equations. Integral equations arise in the potential theory more than

29


http://www.seahipublications.org/

Haliruetal. ...... Int Inno. Maths, Statistics & Energy Policies 11(4):29-37, 2023

any other field. Integral equations arise also in diffraction problems, conformal mapping, water
waves, scattering inquantum mechanics, and population growth model. System of integral equations
are used as mathematical models for many physical situations, and also occur as reformulations of
other mathematical problems. The electrostatic,electromagnetic scattering problems and propagation
of acoustical and elastically waves are scientific fields where integral equations appear (Wazwaz,
2015).

Furthermore, in practice most of the physical problem arises are nonlinear and the most suitable
integral equation to be consider is nonlinear Fredholm integral equation of the second kind.
u(x)=f(x)+A4 f:' k(x, t)u(t)dt, 1)

whereu(x) is the unknown function, a and b are real constants. The kernel K {x,t) and f(x) are
known smooth functions of the integration respectively. The parameter A is a real (or complex)
number known as the eigenvalue and 1t(t) is a nonlinear function of t.

The Fredholm integral equation is of widespread use in many realms of engineering and applied
mathematics (Jerri, 1985). Fredholm equations arise naturally in the theory of signalprocessing, for
example as the famous spectralconcentrationproblem popularized by DavidSlepian. The operators
involved are the same aslinearfilters. They also commonly arise in linear forward modeling and
inverseproblems. In physics, the solution of such integral equations allows for experimental spectra to
be related to various underlying distributions, for instance the mass distribution of polymers in a
polymeric melt, Honerkamp et al., (1990) or the distribution of relaxation times in the system Schéfer
et al., (1996).In addition, Fredholm integral equations also arise in fluidmechanics problems involving
hydrodynamic interactions near finite-sized elasticinterfacesDaddi-Moussa-lder et al., (2019).A
specific application of Fredholm equation is the generation of photo-realistic images in computer
graphics, in which the Fredholm equation is used to model light transport from the virtual light
sources to the image plane Daddi-Moussa-Ider (2020).

However, analytical solutions of such integral equations are not generally available hence; numerical
methods become a practical way to solve this type of equations. Therefore the essential goal in this
work is to investigate the advantages of each method for solution and solution process of a nonlinear
Fredholm integral equations. In 1980, Geoge Adomian introduced a new method for solving linear
and non linear equations. This method was applied to ordinary and partial differential equation.
Recently a great deal of interest has been focused on application of the Adomian decomposition
method to solve a wide variety of problems Adomian (1994). The problem of finding numerical
solution for Fredholm integral equations of the second kinds is one of the oldest problems in the
applied mathematics literature and many computational methods are introduced in this field Atkinson.
(1997). Also the concept of convergence of the solution obtained by this method was address by
Adomian. Hence, this work will focus on Adomian decomposition method, Modified Adomian
decomposition method and direct computational method.

2. Mathematical Formulation and Numerical Solutions

This section, present solution of some selected nonlinear Fredholm integral-differential equation
problems using two methods namely, classical Adomian decomposition method and modified
Adomian decomposition method. To compute a numerical solution for non-linear Fredholm integral
equation, then there will be a comparison between the results of classical adomian decompositon and
modified Adomian decomposition methods which are obtained by the numerical solution technique
and the results of the exact solution. This will be illustrated by using this examples:

Example 1 (Wazwaz, 2011)

Consider the non linear Fredholm integral equation of the second kind

u(x)=a —I-,lf: u*(t) dt,a = 0(2)

The nonlinear term F[u(r)) are represented by the so-called Adomian polynomials 4,,

1 d" i
Ay = oo [FEE )], o n=0123, ... ©)
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by using equation (3), the Adomian polynomials for the nonlinear term *(t) is calculated

using the MATLAB software, for the following few polynomials as follows

Ay =uy 3
Ay = 2uguy
A, = uy + 2uyu,
A; = 2ugug + 2uyu, [ 4)
Ay =ud + 2ugu, + 2ugu,
Az = 2ugug + 2u uy + 2u,u,
Ag = uz + 2ugug + 2ugug + 2uqty

A. = 2ugu, + 2uyug + 2u,ug + 2uguy)

Hence Equation (4) take the form;
Pt (X) = a+ A [ T, A, (D) dt (5)
Solution of (5) using the Adomian decomposition method,
Upyq () =4 ful,élk (t)dt, k=0, us(x)=a  (6)
This in turn gives

u,(x) =4 _Irul A,(D)dt = Aa®, )
u,(x) =4 ful A, (t)dt = 24%a3,
ug(x) =4 fulﬂz (t)dt = 51%a*,

uy(x) =41 _Irﬂl As(t)dt = 141%a®,

ug(x) =41 _rﬂl A (t)dt = 422%a°®,
ug(x) = ,Fl,ful A (t)dt = 1324547,
u,(x) = H,ful A (t)dt = 4294745,
ug(x) = 1 [ A, (£)dt = 14304%a°,)

(")

The iteration stops at ninth step.
Therefore, the approximate series solution of Equation (2) may be
u(x)=a+Aa® + 24%a® + 54%a* + 421%a° + 1321%a” + 42947a® + 14304%4° (8)

that converges to exact solution
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u(x) =", o<t (9)

Solution of (2) using the modified Adomian decomposition method,
Irou,(x) = Za+a+ [ T ,4,(0dt (10)
up(x)=2a, (11)

w, () =ca+AffA(Ddt=ca+=4 (12

e () =4[ A (Ddt, k=1 (13)

This in turn gives

u,(x) = 4 [ 4, (B)de = 220D,
(14)
us () =4[y Ay (9dtd = (§+7%) +770
(15)
wy(x) = A.rulﬂa (O)dt = gﬂrHRHM;EM‘HHM]r
(16)
ILEE.'IJ — ﬂ, fﬂlﬂ4 (t]dt — A(4a+34) (648 0% A% +432 n:;;:;24n";1"+16n‘+24nﬁ+9i‘ :I,
17)
wg(x) = 2 [} Ag (Dt = 22050 (64802% + 7200° 4 + 540422 + 80a® + 120al + 451°)
(18)
1
u-(x)= .lf A (t)dt
o
_ 729a72° N 2187a°A N 1215a°4° N 3645a°A° N 135a°4* N 10935a*47
256 1024 256 512 128 4096
1215a*A®
512
sa*A®  3645a2%4% | 15a2%A* | 38450747 | 1352°4% | 13524 | 405d7
+ 256 2048 256 8192 2048 4096 £5536" (19)
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3ad*(186624a” d®+139968a° d* + 435456 a°d% +653184 047
131072

uglx) =4 _I"[;Ilf-ljr (t)dt = +

3ad* (161280 n°4 +2449440° 4% +36 2880 2* 4° +8950 2*) 4 3ad® (272160a% 4%+ 26880 ® 4 +68040 2% d* +30240 2% d7)

131072 131072
3ad®(15120a 4%+ 2835 4%)
131072

(20)

The iteration stops at ninth step.
Therefore, the approximate series solution may bethat converges to exact solution

3ailta+3i) n (a E)E n 9a®Al4 a+3.4)

3 1 3
u(x) =-a+-a+—41+ -+
4 4 16 4 16 64
0aA*(ta+34)(124a® +4a+34) " Af(aa+3i)(Baga* A% +432a% A+324a% A% +16a% +24ad+94%) "
512
2048

_|_

3ai?(4a+3A)(648a* A% +720a%A+540a” A% +230a” +120aid+454%) 7292 A%  2187a%17 1215a%A°

4096 256 1024 256
3645a4%  135a%4*  109352*17  12158°%4%  5a%*A?  3645a2%4%  15a2%A* 36452747
+ + + + + + +
512 128 4096 512 50256 2048 256 8192
1352245  135a24° 40517  3ad*(186624a7d®+139968a°d% +435456a°d% +653184a°4% )
2048 4096 65536 131072
3ad*(161280a° d+244944a*d* +362880a* d2+2960a* )
131072
3&&4{2?2160&3d3+268S0a3d+68040a2d4+30240a2d2]+_Eaddilalzﬂad3+2835d4]
131072 131072

(21)

IL(I] — 1-+1—4Aa ,

1
= 0<A=—(22)

3. RESULT AND DISCUSSIONS

The comparison solution of non linear Fredholm integral equation of the second kind using approximate
solution using Adomian decomposition method (ADM) and modified adomian decomposition method
(MADM) and compared with exact solution has been carried out and presented.

Table 1 shows the approximate solutions obtained by comparing the classical Adomian decomposition
and modified Adomian decomposition methods with exact solution giving to the values of x which is in

the interval [0,1]. The efficient of each methods after nine iterations, compare to exact solutions present
in Table 1, the tabe also shows the accuracy, applicability and simplicity of comparing the two methods
with exact solution. The accuracy level of the methods used were tested by showing the error
differences. The figure 4.1 determined the efficiency of each methods when compared with exact
solution, the result obtained from the figure shows a slight error differences which illustrated the
peformance of the methods used, a relatively significant differences was also observed. From Figure 4.1
it was concluded that when the results from both methods are compared with exact solution, it has shown
that the two methods are capable to get a similar result and also shows a slight error difference.
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Table 1: Comparison of numerical and exact solutions

Nodes(x) | Exact Sol. ADM Appr. Sol. MADM Appr. Sol. Absolute Error
0.0 0.00000000000 | 0.00000000000 0.00000000000 .0.0
0.1 0.10000000000 | 0.09999846128 0.09999846128 1.539%e-6
0.2 0.20000000000 | 0.19999692256 0.19999692256 3.077e-6
0.3 0.30000000000 | 0.29999538385 0.29999538385 4.616e-6
0.4 0.40000000000 | 0.39999384513 0.39999384513 6.155e-6
0.5 0.50000000000 | 0.49999230641 0.49999230641 7.694e-6
0.6 0.60000000000 | 0.59999076769 0.59999076769 9.232e-6
0.7 0.70000000000 | 0.69998922897 0.69998922897 1.077e-5
0.8 0.80000000000 | 0.79998769026 0.79998769026 1.231e-5
0.9 0.90000000000 | 0.89998615154 0.89998615154 1.385e-5
1.0 1.00000000000 | 0.99998461282 0.99998461282 1.539%e-5
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Figure 4.1: Comparison ofnumerical and exact solutions.

Table 2 shows the approximate solution obtained by using the classical Adomian decomposition and
modified Adomian decomposition methods to the values of x which is in the interval [0.05,0.25]. The

table also shows the computation for the absolute error of exact solution with that of Classical Adomian

and Modified Adomian Decomposition Method.

The result in Figure 2 shows the absolute error of exact solution with that of classical Adomian and
modified Adomian decomposition method,the results of two numerical methods together with that of
analytical solution for comparison, it also shows the accuracy and efficiency by showing the error term
differences between the method of Classical Adomian and modified Adomian decomposition method

when compared with exact solution.
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Table 2: Numerical and exact solutions to the example 1

Nodes(x) | Exact Sol. ADM Appr. Sol. MADM Appr. Sol. Absolute Error
0.025 1.0263340390 1.0263340390 1.0263340390 2.03026e-11
0.050 1.0557280900 1.0557280785 1.0557280785 1.14852e-8
0.075 1.0889331564 1.0889326630 1.0889326630 4.93483e-7
0.100 1.1270166538 1.1270092000 1.1270092000 0.00000745379
0.125 1.1715728753 1.1715086699 1.1715086699 0.00006420540
0.150 1.2251482266 1.2247549176 1.2247549176 0.00039330900
0.175 1.2922212643 1.2902765180 1.2902765180 0.00194475000
0.200 1.3819660113 1.3734400000 1.3734400000 0.00852601000
0.225 1.5194938533 1.4823460160 1.4823460160 0.03714780000
0.250 2.0000000000 1.6290588379 1.6290588379 0.37094100000
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Figure 2: Numerical and exact solutions to the example 1

4. CONCLUSION
The numerical methods used to solve the nonlinear Fredholm integral equation for some numerical

examples in order to determine the efficiency of each methods when are compared with exact
solution. The results were obatined and the following conclusions were made;

The results shows a slight error differences which illustrated the reliability and the

performance of the methods used.
The absolute error between the classical Adomian and modified Adomian decomposition

method with the exact solution observed was relatively insignificant differents and thereby
shows a good agreement between the methods with the exact solution.
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