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ABSTRACT 

This study examines the thermodynamic stability and phase structure of Schwarzschild-de Sitter and 

Kerr-de Sitter black holes using extended black hole thermodynamics. In this approach, the cosmological 

constant is treated as thermodynamic pressure. The analysis considers temperature, heat capacity, and 

Gibbs free energy for each horizon. The main thermodynamic quantities are as follows: the temperature 

for each horizon is , where  is the surface gravity at that horizon. The heat capacity  is 

defined as , which helps assess the local thermodynamic stability of each horizon. The 

Gibbs free energy is , where M is the black hole mass, T is the horizon temperature, 

S is entropy, P is pressure (related to the cosmological constant), and V is the thermodynamic volume. 

The results indicate that de Sitter spacetimes are naturally out of equilibrium because their black hole and 

cosmological horizons have different temperatures. For the Schwarzschild-de Sitter case, rotation and the 

cosmological constant together increase instability and alter the phase structure. The findings show that, 

unlike anti-de Sitter black holes, de Sitter black holes do not display standard Hawking-Page-type phase 

transitions. This suggests that broader thermodynamic models are needed for systems with multiple 

horizons. 
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1. INTRODUCTION 

Black hole thermodynamics is an important part of gravitational physics, connecting geometry, quantum 

theory, and statistical mechanics (Hawking & Ellis, 1973; Gibbons & Hawking, 1977). When scientists 

discovered that black hole horizons have temperature and entropy, they began to see spacetime as a 

thermodynamic system (Gibbons & Hawking, 1977). This idea works well for asymptotically flat and 

anti-de Sitter (AdS) spacetimes, but it is harder to apply to de Sitter (dS) spacetimes because they have 

multiple horizons (Anninos, 2012; Bousso, 2002). 

Spacetimes with a positive cosmological constant, such as Schwarzschild-de Sitter (SdS) and Kerr-de 

Sitter (KdS), have both a black hole event horizon and a cosmological horizon (Stuchlík & Hledík, 1999). 

Each horizon has its own temperature and entropy , so the system is always out of equilibrium 

(Gomberoff & Teitelboim, 2003; Urano et al., 2009). This difference sets de Sitter black holes apart from 

those in asymptotically flat and AdS spacetimes (Bousso, 2002). 

Recent studies in extended black hole thermodynamics treat the cosmological constant as thermodynamic 

pressure (Dolan, 2014; Kubizňák & Mann, 2012). This approach enables the analysis of phase transitions 

and critical phenomena in gravitational systems. For AdS black holes, this framework reveals rich phase 

structures with behavior analogous to that of Van der Waals fluids. In contrast, applying the same 

methodology to de Sitter spacetimes reveals significant differences: the presence of multiple horizons and 

the lack of global equilibrium fundamentally alter thermodynamic properties, phase behavior, and 

stability (Frassino et al., 2023; Rehan et al., 2024). This work analyzes how the cosmological constant 

and rotation affect the thermodynamic properties of Schwarzschild-de Sitter and Kerr-de Sitter black 

holes, focusing on heat capacity, Gibbs free energy, and the distinguishing features of non-equilibrium in 

these spacetimes. 

2. Theoretical Framework 

2.1 Extended Phase Space 

In extended black hole thermodynamics, the cosmological constant is interpreted as a thermodynamic 

pressure: 

     (1) 

where the cosmological constant is interpreted as thermodynamic pressure following the extended phase 

space formalism (Kubizňák & Mann, 2012; Dolan, 2014). 

The corresponding thermodynamic volume is defined as: 

     (2) 

This framework allows the inclusion of pressure–volume work in the first law. 

2.2 First Law of Black Hole Thermodynamics 

The generalized first law is given by: 

    (3) 

In this framework, black hole mass is interpreted as thermodynamic enthalpy rather than internal energy 

(Kubizňák & Mann, 2012).  

2.3 Gibbs Free Energy 

The Gibbs free energy is defined as: 

     (4) 

This quantity is essential for analyzing phase transitions and thermodynamic stability (Frassino et al., 

2023). 

2.4 Stability Criterion 

Thermodynamic stability is determined by the heat capacity: 

     (5) 
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Here when : stable, : unstable  

3. Thermodynamic Stability of Schwarzschild-de Sitter Black Holes 

The Schwarzschild-de Sitter metric function is: 

     (6) 

The Schwarzschild-de Sitter solution describes a non-rotating black hole embedded in a de Sitter 

background with positive cosmological constant (Kottler, 1918; Stuchlík & Hledík, 1999). 

The horizons are determined by: 

     (7) 

 

yielding the black hole horizon and cosmological horizon . The coexistence of black hole and 

cosmological horizons gives rise to a finite static region and a richer causal structure than in 

asymptotically flat spacetimes (Bousso, 2002). 

3.1 Temperature 

The temperature associated with a horizon is: 

     (8) 

The horizon temperature follows from the surface gravity formalism originally developed in black hole 

thermodynamics (Gibbons & Hawking, 1977). 

Since , the corresponding temperatures satisfy: 

     (10) 

 

 

3.2 Heat Capacity and Stability 

The heat capacity is obtained from equation (5): 

 
 

Analysis shows that the heat capacity is negative across most regions, indicating that the system is 

thermodynamically unstable. This happens because, for most values, adding energy (mass) lowers the 

temperature of the black hole's horizon, leading to runaway effects rather than self-regulation. Stability is 

only reached near the Nariai limit, where the black hole horizon radius  and cosmological horizon 

radius  get very close. In this situation, the two horizons balance each other, so the temperature does not 

change as much with energy, which prevents instability. Stability occurs in a narrow range where  is 

almost equal to ,  usually as ,  approach r, . For a fixed positive cosmological constant 

, stability is possible when the mass parameter  is close to the critical value ), which 

is the Nariai configuration where the two horizons merge. Outside this small region, the heat capacity 

stays negative and the black hole remains thermodynamically unstable (Sebastiani et al., 2013). 

     (11) 

The Nariai limit corresponds to the degenerate configuration in which the black hole and cosmological 

horizons coincide (Nariai, 1950). 

 

3.3 Physical Interpretation 

The presence of two horizons with different temperatures prevents thermal equilibrium. Energy exchange 

between horizons leads to a dynamically evolving system rather than a stable thermodynamic 

configuration. 
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4. Thermodynamic Stability of Kerr-de Sitter Black Holes 

The Kerr–de Sitter spacetime introduces rotation, leading to a more complex structure. 

4.1 Horizon Structure 

The horizon equation is given by: 

   (12) 

Kerr-de Sitter spacetime generalizes the Schwarzschild-de Sitter geometry by incorporating angular 

momentum and rotational frame dragging (Carter, 1968; Akcay & Matzner, 2011). 

The horizons are determined by: 

     (13) 

4.2 Temperature 

The temperature is given by: 

     (14) 

Rotation modifies the thermodynamic properties of the spacetime through its influence on horizon 

geometry and surface gravity (Grenzebach et al., 2014). 

 

4.3 Effects of Rotation 

Rotation introduces: Inner (Cauchy) horizon, outer event horizon, cosmological horizon, and ergoregion 

(defined by ). The ergoregion is a domain where static observers cannot remain stationary due to 

rotational frame-dragging (Carter, 1968). 

 

4.4 Stability Analysis 

The heat capacity is even more unstable in Kerr-de Sitter black holes than in Schwarzschild-de Sitter 

black holes, partly because rotation depends on the angular momentum parameter. As angular momentum 

increases, the system becomes more likely to be thermodynamically unstable, and the heat capacity is 

negative more often. Rotational energy also creates new types of instability by changing the horizon 

structure and allowing more complex energy exchanges between the horizons (Monteiro et al., 2010). 

4.5 Non-Equilibrium Condition 

Due to the presence of multiple horizons with distinct temperatures, the system cannot be described by a 

global thermodynamic equilibrium state. 

5. Phase Structure 

The phase structure of de Sitter black holes differs fundamentally from that of AdS black holes (Chen et 

al., 2023). 

5.1 Gibbs Free Energy Behavior 

The Gibbs free energy: 

     (15) 

Figure 3 shows that the Gibbs free energy of the Schwarzschild–de Sitter black hole is a smooth, 

monotonic function and does not have the swallowtail shape usually seen in first-order phase transitions. 

This highlights a key difference between de Sitter black holes and AdS systems, where standard 

Hawking-Page transitions and swallowtail features appear (Kubizňák & Mann, 2012; Rehan et al., 2024). 

The lack of this phase transition in Figure 3 means that de Sitter black holes do not go through a sharp 

thermodynamic change from thermal radiation to a stable black hole phase. Instead, their evolution is 

continuous and stays out of equilibrium. This shows that current equilibrium thermodynamic models are 

not enough to describe black holes with multiple horizons, and that new theoretical approaches are needed 

to explain their phase structure and stability. 
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Figure 3: Gibbs free energy behavior of the Schwarzschild–de Sitter black hole, illustrating the absence 

of standard Hawking-Page-type phase transitions. 

 

5.2 Absence of Hawking-Page Transition 

Unlike AdS black holes, there is no clear phase transition between thermal radiation and black hole states, 

and no stable large black hole phase (mYung, 2007, pp. 369-376). De Sitter spacetimes generally lack 

globally stable equilibrium phases (Gomberoff & Teitelboim, 2003). 

Multi-Horizon Competition 

The presence of multiple horizons leads to: Competing thermodynamic contributions, the absence of a 

single dominant phase, and intrinsically non-equilibrium behavior (Maldacena et al., 2012).6. Discussion 

The results show that de Sitter black holes behave differently from those in asymptotically flat and AdS 

spacetimes. The cosmological constant serves as both a geometric and thermodynamic parameter, acting 

like pressure and changing the structure of spacetime (Dolan, 2014; Frassino et al., 2023). 

Because the horizons have different temperatures, global thermodynamic equilibrium cannot be reached, 

so standard thermodynamic models are ineffective. Rotation adds more complexity by increasing the 

degrees of freedom and instability. As a result, systems with multiple horizons require more general, non-

equilibrium thermodynamic approaches (Urano et al., 2009; Rehan et al., 2024). However, using non-

equilibrium frameworks is challenging. For example, open-system black hole thermodynamics needs 

clear boundary conditions and a precise way to define energy flows at each horizon, which can be unclear 

in changing, non-stationary situations. Effective-temperature methods provide a single parameter for the 

system but often miss the full complexity of energy and entropy exchange between horizons, especially as 

the system deviates from stationary states. Irreversible thermodynamics faces the problem of defining 

entropy production in curved spacetime and matching it with quantum field effects near each horizon. 

These challenges make it hard to build complete models. Still, these approaches seek to account for the 

ongoing energy exchange and temperature differences across horizons, and may help develop consistent 

non-equilibrium models for de Sitter black holes. 
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These findings suggest that to fully understand de Sitter black hole thermodynamics, researchers may 

need to use broader frameworks that extend beyond equilibrium thermodynamics  

 

7. CONCLUSION 

This study examined the thermodynamic stability and phase structure of Schwarzschild-de Sitter and 

Kerr-de Sitter black holes using the extended phase space approach. The results show that de Sitter black 

holes are mostly unstable. Global equilibrium cannot be reached because there are multiple horizons, and 

rotation increases instability. The standard phase transitions found in anti-de Sitter spacetimes do not 

occur here. These findings suggest that new thermodynamic models are needed to describe gravitational 

systems with multiple horizons that are not in equilibrium. 
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